Math 354 Midterm 1, Page 2 of 8 Spring 2026
1-1 -6 17
1. (10 points) Let A = [(2) . 14J and let w = [—3} . Explain how the fact that the reduced row
echelon form of [ A | w ] is _
1 0 0| 2
01 0]-5
0 01 1

implies each of the following facts.

(a) The columns v, vo and vs of A form a basis of R3. (Hint: to be a basis, S = {v1, v, v3}
must satisfy two properties. What are they? How do you know from the reduced row

echelon form they hold?)
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(b) The vector w can be written as a unique linear combination of vy, vy, vs. Use the re-
duced row echelon form of [A | W] to find the particular linear combination and explain

why /how we know it is unique. x
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2. Suppose that a computer manufacturer makes two models of computer, Model A and Model
B. It is estimated that the profit on Model A is $4 per unit, and the profit on Model B is $10
per unit. Suppose that the time (in hours) required to wire, assemble and test each computer,
and the total available labor hours is as follows:

’ H Model A ‘ Model B ‘ Available labor

Wiring 1 4 18
Assembly 3 1 21
Testing 1 1 9

Note that this scenario can be modeled with the following linear programming problem.

Maximize z = 4x1 + 10z subject to s < 18, 0y Sarbishies
3r14+ xo < 21, eod. of tlere
X1 + T2 S 9, So ‘I\L u ?\aqn ““'lu"‘"" 6"'3"'
21,72 > 0.} QuadeetT for cad,.

(a) (15 points) Use the geometric method to find a solution to this problem. What are the
values of the slack variables for your solution?

seb ol feasble  golutions L (o,u) (7o)
L

(5
L+ (0,2 (4)0)
Il‘ I‘ ! ] {I l‘  —_—
' 1 e ' 1
y i
T»W P)"U{ 0-(" inder section 0( L )Lz, L; ('Arr?SPty\d; 4o  Soluhenw Ao ['5 l][§]~ ’}-EI]
[ 9
: 9] R o167 R-3% o !
[gql".;ﬁ]—%[lb;‘!‘,}&;,ka—9[0,'3]%[1 ﬁ[l0|l3‘] ____3'X=L
1 19 o ~2'-b R, -8, o 113 -1y oolo Ry, Y3
BExtreme  Yoiak Z~olue
" (0,0) 0 By echuie pord
(7.0) 2% af\um, Shee N {%(m& value 5 2-5¢ o &Y= (62).
Lb ’S) 24430 = 5% A gl o(’ebljlla
' Soluehes 15 bwedad
(o) %-) 15 opbwel valwe occwn
0% exireme vt
(z1,22) = ((0,3) z=| QY slack variables = (o) 0,0)
Slack  vaables K= 18 — (é 1432) = 0 ,
% =2-(26+3) - o
g = "1—((”43) = o



Math 354 Midterm 1, Page 4 of 8 Spring 2026

(b) (5 points) Convert the problem to canonical form. (Be sure to write down all elements of
the problem—mnot just the part that may change from that given above.)

Maxwmg 2 = 47(,—#]09(, sued
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Ak Ko v ¥e =9
(c) (20 points) Solve the probfem using the simplex method.
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(d) (20 points) Recall that if we write the constraints (in canonical form) as Ax = b, the

algebraic method of solving the problem requires one to check that columns A;, A;, Ay
(or, equivalently the variables x;,z;, zy) are basic feasible.

i. How many choices of B = (i, j, k) are there that need to be considered?

5\ - 50 _ s
(3) - g"?-:l = T= {O Number of choices = (g): (O

ii. What properties must be satisfied by A;, A;, A, in order to be basic? basic feasible?

@"’ Al’, [\‘]) A‘| W\LAS‘k [9(’ l('lt'ar\j (‘f\&L?ﬂv\cL(u‘t
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iii. Determine (and justify) whether A, A4, A5 is basic and/or basic feasible. If so, find
the corresponding basic (or basic feasible) solution.
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iv. Determine (and justify) whether Ay, A3, A4 is basic and/or basic feasible. If so, find
the corresponding basic (or basic feasible) solution.
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3. (12 points) Convex sets in R™.
(a) What is a hyperplane in R™?

A hﬂ\)ﬂr?‘dne \S ‘l’\u &'P O( SO\LJ*“O«.( ’l'“ O Q)"Zj\e quar

quatin i~ w-varall fieﬂ? TR=k § Jor som CER
e R
(b) What is a half-space in R™?

{?ZeTR" TR >/k} Lor  Gome ZGR") ke R.

(c) What does it mean to say that a set S C R™ is convex?
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(d) Prove that any half-space in R" is convex.
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4. (18 points) Consider a linear programming problem with constraints Ax = b, x > 0, where

1 4 1 1 2
A=|-11 0 1], b=]1].
—2 30 0 3 3

Determine (with adequate justification) which of the following are basic and/or basic feasible
solutions.

(a) (1,0,1,1,0)
(b) (0,2,-5,0,—-1)
(¢) (0,0,1,0,1)
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