INTRODUCTION TO DATA
STRUCTURES and ALGORITHMS

Rutgers University

1B. UNION—=FIND

» union—find data type
» quick-find

> quick-union

> Improvements

» applications

http://ds.cs.rutgers.edu



http://algs4.cs.princeton.edu

Subtext of today’s lecture (and this course)

Steps to developing a usable algorithm to solve a computational problem.
model the
problem

design an
algorithm

try aQain

understand
why not

efficient?

nNo

yes

solve the
problem




UNION=FIND

» union—find data type



Union—-find data type

Disjoint sets. A collection of sets; each element in exactly one set.

RorpeSentarti VL

Find. Return a “canonical” element in the set containing p?
Union. Merge the set containing p with the set containing g.

o () 430 fund OF 22577,
find(1)= find(4) = find(5) = 4[7 union(2, 5) %

8 elements, 3 disjoint S¢ 2 disjoint sets

Simplifying assumption. The n elements are named 0, 1, ..., n- 1.



Union—find data type (API)

Goal. Design an efficient union-find data type.
" Number of elements n can be huge.
" Number of operations m can be huge.
" Union and find operations can be intermixed.

Vi A

public class UF V4
Initialize union—find data structure

UF(int n) with n singleton sets (0 to n — 1)

”
void union(int p, int q) ets containing
S p’ q

elements p and g

canonical element in set

int find(int p) containing p (O to n— 1)

§



An application: dynamic connectivity

Given n vertices, support two operations:
" Add edge: directly connect two vertices with an edge.
" Connection query: is there a path connectlng two vertlces7

:FaAM/JHA

add edge 4-3 @ e
add edge 3-8
add edge 6-5
add edge 94 @ @ @

add edge 2-1 s 0 0 '\ Z SIQ 1 ‘33 l\ 3¢q

are 8 and 9 connected? Vv Imagine that:
« each vertex is a person.

« an edge denotes that two people are from the

are 5 and 7 connected? X

add edge 5-0 same family.

add edge /-2 People that are connected belong to the same
add edge 6-1 family.

add edge 1-0 Use find to find out if two people belong to the
are 5 and 7 connected? v same family.

Use union to connect two families.



A larger connectivity example

Q. Is there a path connecting vertices vand w ?

N

finding a path is a slightly harder problem

(stay tuned for graph algorithms in Chapter 4)
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Modeling the dynamic-connectivity problem

Q. How to model the dynamic-connectivity problem using union-find?
A. Maintain disjoint sets that correspond to connected components.

Connected component. Maximal set of vertices that are mutually connected.

3 connected components

{0}{1,4,5}{2,3,6,7}

3 disjoint sets

11



Modeling the dynamic-connectivity problem

Q. How to model the dynamic-connectivity problem using union-find?
A. Maintain disjoint sets that correspond to connected components.

" Add edge between vertices v and w.
" Are vertices v and w connected?

add edge 2-5 are vertices 5 and 6 connected?

3 connected components 2 connected components
union(2, 5) find(5) == find(6) Vv
{0}{1,4,5}{2,3,6,7} {0}{1,2,3,4,56,7}

3 disjoint sets 2 disjoint sets
12
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Quick-find [eager approach]

OT2 3 4t 0 229

Data structure. ‘
" Integer array id] of length n. IO EEHEEE

" What to store in the array?

3 connected components

15



Quick-find [eager approach]

Data structure.
" Integer array id]] of length n.
" Interpretation: id[p] is canonical element in the set containing p.

id[|O] 8 8 0 O 8 8

3 connected components

16



Quick-find [eager approach]

Data structure.
" Integer array id]] of length n.
" Interpretation: id[p] is canonical element in the set containing p.

¥

idDO118800188

o) o N\ [

3 connected components
Q. How to |mplement‘§d(p :F‘ MJ (.})

PV

17



Quick-find [eager approach]

Data structure.
" Integer array id]] of length n.
" Interpretation: id[p] is canonical element in the set containing p.

idDO118800188

4
idi]=0 id[i]=1 id[i] = 8

¥ (&)
{0,5,6} {1,2,7} {3,4,8,9
108 0] ddy 2o iy Ly B ) oG

3 disjoint sets
3 connected components

Q. How to implement find(p)?
A. Easy, just return id[p].

18



Quick-find [eager approach]

Data structure.
" Integer array id]] of length n.
" Interpretation: id[p] is canonical element in the set containing p.

‘\ % union6.1)
\

Q. How to implement union(p, g)?

19



Quick-find [eager approach]

Data structure.
" Integer array id]] of length n.
" Interpretation: id[p] is canonical element in the set containing p.

" 11 8 sANEN 1 & s p 5
| || '
problem: many values can change ld []J éﬂ

Q. How to implement union(p, g)?

A. Change all entries whose identifier equals id[p] to id[q].

20



Quick-find: Java implementation N I
N /L

public class QuickFindUF \ Count array accesses:

e —

{ - reads and writes

private int[] id; &
public QuickFindUF(int n)
{
—3> id = new int[n];
—p for (inti=0;i<n;i++)
id[i] =1;
}

set id of each element to itself

(n array accesses)

public int find(int p)
{ retur}

public void union(int p, int q)

{ .
int pid = id‘[p]; :F\ ‘V\c\ (P)
int qid = id[CI]" .ét MA (,ﬁ,,> ) change all entries with id[p] to id[q]

= 0; | < id.length; i++)
‘ pld)‘ qgid; M\M

! mv\,z‘*-m-\— 4 7m+\ .

return the id of p

(1 array access)

(n+2 toRn+2 array accesses)

Y 1Ty




Quick-find is too slow

Cost model. Number of array accesses (for read or write).

T
quick-find @ @

number of array accesses (ignoring leading constant)

Union is too expensive. Processing a sequence of n union operations
on n elements takes more than n? array accesses.

\

quadratic

24
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Quick-union [lazy approach]

Data structure.
" Integer array parent]] of length n, where parent|i] is parent of i in tree.
" Interpretation: elements in one tree correspond to one set.

7 Do0C . O
parent]] D mo e @ - @ (o) () a © @)
WU"‘ nt\\ Q a pal’ofS is 6
PK" %‘i , (3) rootof5?56
E find(i) = 6 g root of 6 is 6

{03{1}{2 3,4,9}{[5\6}{7}{8}

6 disjoint sets (6 trees)

Q. How to implement find(p) operation?

27



Quick-union [lazy approach]

Data structure.
" Integer array parent]] of length n, where parent[i] is parent of i in tree.
" Interpretation: elements in one tree correspond to one set.

Vv ¢ ¢..00\
parent] 0 1 96 6 7 8@ © ©

W

find(i) = 9 parent of 3 is 4

A root of 3is 9
{0}{1}{2,3,4,9}{56}{7}{8} :
6 disjoint sets (6 trees) ‘ /V\A. (5>vq

Q. How to implement find(p) operation?

A. Return root of tree containing p.

28



Quick-union quiz

Data structure.

" Integer array parent]] of length n, where parent[i] is parent of i in tree.

" Interpretation: elements in one tree correspond to one S%) ‘ ! (5)

parent[]019ﬁj966789 @®i
9 @ O @,

How to implement union(3, 5) ? q \ GV

A. Set parer‘;t of 3 to 5. ,Zz/>-\ (p / \

B. Set parent of 9 to 5. l l /q 5
C. Set parent of 9 to 6. 3 5 Z L,|

D. Set parents of 2, 3, 4, and 9 each to 6.

29



Quick-union [lazy approach]

Data structure.
" Integer array parent]] of length n, where parent[i] is parent of i in tree.
" Interpretation: elements in one tree correspond to one set.

G @

parent[]01949667 © @ G

2 & :

A. )parent of p’s root g’s root.
L ] GEEE——)

Q. iOW to implement union(p, q)? union(3, 5)

@ ©®

30



Quick-union [lazy approach]

Data structure.
" Integer array parent]] of length n, where parent[i] is parent of i in tree.
" Interpretation: elements in one tree correspond to one set.

© O & @ ©

parent[]O19496678ﬂ
I

only one value changes

Q. How to implement union(p, g)? union(3, 5)
A. Set parent of p’s root to g’s root.

31



Quick-union [lazy approach]

Data structure.
" Integer array parent]] of length n, where parent[i] is parent of i in tree.

(LO'(?«

" Interpretation: elements in one tree correspond to one set. G

w union(p, q): set parent of p’s root g’s root.

(v
‘

What is the worst-case running time for find?

Assume n = 5 and these union operations: : ‘}' 3 I
n=>5 f 0o 1 2 3 4 |
*union(O,q]; 0o\ d 3 L' o [ y ?
<\, union(0,2) [ o /
union(0,3) 3 q @ I <
— union(0,4) , :
0 l
0

——

() =m1=0(n)



Quick-union: Java implementation

public class QuickUnionUF
{
private int[] parent;
public QuickUnionUF(int n)
{
parent = new int[n];A/
for (inti=0;i<n;i++)
parent[i] = i;

public int find(int p)

)
{ while (p != parent[p]) i(‘h):
p = parent[p]; O N —

return p,R mw

public void union(int p, int q)

{

int rootP = find(p); V'L \
int rootQ = find(q); /\/L ﬁ L‘“ "Z' N + )
parent[rootP] = rootQ; (Y\)

}
}

set parent of each element to itself

(n array accesses)

chase parent pointers until reach root

(depth of p array accesses)

change root of p to point to root of g

(depth of p and g array accesses)

33



Quick-union is also too slow

Cost model. Number of array accesses (for read or write).

T

quick-find
quick-union n n n “— worst case

number of array accesses (ignoring leading constant)

worst-case input

Quick-find defect. @ union(0, 1)
" Union too expensive (more than n array accesses). é) union(0, 2)

" Trees are flat, but too expensive to keep them flat. union(0, 3)
union(0, 4)

Quick-union defect.

" Trees can get tall.

Find too expensive (could be more than n array accesses). %}

34
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Weighted quick-union quiz

When merging two trees, which strategy is most effective?

A. Link the root of the smaller tree to the root of the larger tree.

B. Link the root of the larger tree to the root of the smaller tree.

C. Link the root of the shorter tree to the root of the taller tree.

D. Link the root of the taller tree to the root of the shorter tree.

(P
P
D

DN
O O

shorter and larger tree taller and smaller tree
(height = 2, size = 14) (height = 5, size = 9)

/AR

36



Improvement 1. weighting

Weighted quick-union.

Modify quick-union to avoid tall trees.

Keep track of size of each tree (number of elements).
Always link root of smaller tree to root of larger tree.

X reasonable alternative:
quick-union @
union by height/rank
smaller
tree @

smaller larger

tree
~—_ might put the ree O
larger tree lower
Otree

weighted {/

always chooses the

" Dbetter alternative / @
@ ®

larger smaller smaller larger

37



Weighted quick-union quiz

Suppose that the parent[] array during weighted quick-union is:

parentf O O O 0O O O 7 8 8 8 o e
olo f 020
(6)

Which parent[] entry changes during union(2, 6)?

A. parent[0]

parent[2]

B.
C. parent[6]
D.

parent[8]



Quick-union vs. weighted quick-union: larger example

quick-union
o o ® o 0 0 ()
=
average distance to root: 5.11
weighted

average distance to root: 1.52

Quick-union and weighted quick-union (100 sites, 88 union() operations)

39



Weighted quick-union: Java implementation

Data structure. Same as quick-union, but maintain extra array size[i]
to count number of elements in the tree rooted at i, initially 1.

" Find: identical to quick-union.

" Union: link root of smaller tree to root of larger tree; update size][].

public void union(int p, int q)
{
int rootl = find(p); o
int root2 = find(q); &=

if (rootl == root2) return;

If (size[rootl] >= size[root2]) rootl is root

{ int temp =rootl; rootl = root2; root2 = temp; } of smaller tree
i

i C [ \\,—W/ parent[rootl] = rootz; +<— link root of smaller tree
% Mﬂ‘ l S|ze[root2] += size[root1]; ] to root of larger tree

}

40



Weighted quick-union analysis

Running time.
" Find: takes time proportional to depth of p.
" Union: takes constant time, given two roots.

Proposition. Depth of any node x is at most Ign. «—— " computer science,
T lg means base-2 logarithm

n=10
depth(x) =3 < Ign

41



Weighted quick-union analysis

Running time.
" Find: takes time proportional to depth of p.
" Union: takes constant time, given two roots.

Proposition. Depth of any node x is at most Ign. —— " computerscience,

] l|g means base-2 logarithm

Pf. What causes the depth of element x to increase?

Increases by 1 when root of tree T: containing x is linked to root of tree To.
" The size of the tree containing x at least doubles since | T2| > | T1/|.

" Size of tree containing x can double at most Ig n times. Why?

”l’\l‘- Tz ] )
mewor Tz W=z 13 ) G
ﬁﬂz f& Ty T2 r. o0
at, 27Ty

42



Weighted quick-union analysis

Running time.

Find: takes time proportional to depth of p.

Union: takes constant time, given two roots.

Proposition. Depth of any node x is at most Ig n.

T

quick-find
quick-union n n n
weighted quick-union n log n log n — log mieantioganthim,

for some constant base

number of array accesses (ignoring leading constant)

43



Summary

Key point. Weighted quick-union makes it possible to solve problems
that could not otherwise be addressed.

quick-find mn
quick-union mn
weighted quick-union n+mlogn

order of growth for m union-find operations on a set of n elements

Ex. [10° unions and finds with 10° elements]
" Weighted quick-union reduces time from 30 years to 6 seconds.
" Supercomputer won’t help much; good algorithm enables solution.

53
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Union—find applications

Percolation. — first programming assignment
Terrain analysis.
Dynamic-connectivity problem. «—— ... this lecture
Least common ancestors in trees.

Games (Go, Hex, maze generation).

Minimum spanning tree algorithms.

Equivalence of finite state automata.
Hoshen-Kopelman algorithm in physics.
Hindley-Milner polymorphic type inference.
Compiling equivalence statements in Fortran.

Matlab’s bwlabel() function in image processing.

57



Percolation

An abstract model for many physical systems:
" n-by-n grid of sites.
" Each site is open with probability p (and blocked with probability 1 — p).
" System percolates iff top and bottom are connected by open sites.

A\

if and only if

percolates does not percolate
. blocked

site

_

open —
site

open site connected to top v

1o open site connected to top

58



Percolation

An abstract model for many physical systems:

n-by-n grid of sites.

Each site is open with probability p (and blocked with probability 1 - p).
" System percolates iff top and bottom are connected by open sites.

electricity material conductor insulated conducts
fluid flow material empty blocked porous

social interaction population person empty communicates

59



Likelihood of percolation

Depends on grid size n and site vacancy probability p.

p low (0.4)
does not percolate

p medium (0.6)
percolates?

empty open site
(not connected to top)

full open site
(connected to top)

p high (0.8)
percolates

o

60



Percolation phase fransition

When n is large, theory guarantees a sharp threshold p*.

p > p*: almost certainly percolates.

p < p*: almost certainly does not percolate.

Q. What is the value of p*?

percolation

probability Jr

J p*
O—I @ @ ® I

|
0 0.593 1

o site vacancy probability p

61



Monte Carlo simulation

Barrier. Determining the exact threshold p* is beyond mathematical reach.

Computational approach.
" Conduct many random experiments.

Compute statistics.
" Obtain estimate of p*.

Casino de Monte-Carlo

62



Monte Carlo simulation

Initialize all sites in an n-by-n grid to be blocked.

Declare random sites open until top connected to bottom.
Vacancy percentage estimates p*.

Repeat many times to get more accurate estimate.

full open site
(connected to top)

empty open site
(not connected to top)

. blocked site

135 open sites



Dynamic-connectivity solution to estimate percolation threshold

Q. How to check whether an n-by-n system percolates?
A. Model as a dynamic-connectivity problem problem and use union-find.

open site

. blocked site

64



Dynamic-connectivity solution to estimate percolation threshold

Q. How to check whether an n-by-n system percolates?
" Create an element for each site, named 0 to n?2—1.

open site

. blocked site

65



Dynamic-connectivity solution to estimate percolation threshold

Q. How to check whether an n-by-n system percolates?
" Create an element for each site, named 0 to n2—1.
" Add edge between two adjacent sites if they both open.

N

4 possible neighbors: left, right, top, bottom

I
l ..

I

open site

. blocked site

66



Dynamic-connectivity solution to estimate percolation threshold

Q. How to check whether an n-by-n system percolates?

" Create an element for each site, named 0 to n?2—1.

" Add edge between two adjacent sites if they both open.

" Percolates iff any site on bottom row is connected to any site on top row.

open site

. blocked site

N

brute-force algorithm: n? connected queries

o—0 O ® wprow
O O © ®
o O ©

O 6 0 o

‘ H bottom row

67



Dynamic-connectivity solution to estimate percolation threshold

Clever trick. Introduce 2 virtual sites (and edges to top and bottom).
" Percolates iff virtual top site is connected to virtual bottom site.

N

more efficient algorithm: only 1 connected query

virtual top site

n=5 o—o O ® wprow
O O © ®
o O ©
O 6 0 o

‘ . . bottom row

open site

. blocked site

virtual bottom site

68



Dynamic-connectivity solution to estimate percolation threshold

Q. How to model opening a new site?

open site

. blocked site

open this site

o—o O
O O ©
o O ©
o O

@

l .

l.

70



Dynamic-connectivity solution to estimate percolation threshold

Q. How to model opening a new site?
A. Mark new site as open; add edge to any adjacent site that is open.

N

adds up to 4 edges

open this site

open site

. blocked site

71



Percolation threshold

Q. What is percolation threshold p* ?

A. About 0.592746 for large square lattices.
N

constant known only via simulation

percolation

probability Jr

1.
O_I *———o—o I

*|
0 0.593 1

100 site vacancy probability p

Fast algorithm enables accurate answer to scientific question.



Subtext of today’s lecture (and this course)

Steps to developing a usable algorithm.
" Model the problem.

Find an algorithm to solve it.
" Fast enough? Fits in memory?

If not, figure out why.

" Find a way to address the problem.

Ilterate until satisfied.

The scientific method.

Mathematical analysis.

73
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